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We present an analytical investigation of quasi-one-dimensional excitons in thin uniform �single� and double
nanoscaled cylindrical quantum wires �UQWR and DQWR� surrounded by a barrier of infinite height and
exposed to external electric and strong magnetic fields. The DQWR is formed by inserting an impenetrable
longitudinal barrier in a single-quantum wire. Both external fields are directed parallel to the quantum wire
�QWR� axis. The radius of the QWRs and the magnetic length are taken to be much less than the exciton Bohr
radius. For the dependencies of the positions and widths of the complex quasidiscrete energy levels of the
indirect exciton in the DQWR, in which the carriers are separated by the insertion on the confinement, electric
field strength and width of the interwire barrier are derived. The confinement �insertion� leads to an increase
�decrease� of the exciton binding energy. The impact of the electric field ionization of the exciton is less
pronounced for strongly confined and weakly separated carriers. The coefficient of the exciton absorption in
the UQWR as a function of the confinement and electric field is calculated in an explicit form. The effect of the
confinement and electric field on the exciton peak closely resembles that on the quasidiscrete level of the
indirect exciton in the DQWR. Electron-hole attraction increases remarkably the optical Franz-Keldysh elec-
troabsorption in the frequency region below the edge and distant from the exciton peaks. The coefficient of
absorption reflecting the electric field ionization and autoionization caused by the coupling between the dis-
crete and continuous exciton states adjacent to the different size-quantized or Landau levels is obtained
analytically. A comparison of our analytical results with numerical data is performed. Estimates of the expected
experimental values for the parameters of GaAs/GaAlAs QWR show that the autoionized exciton magneto-
states in thin biased QWRs are sufficiently stable to be observed.
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I. INTRODUCTION

At the present time the rapid advance in material growth
technology such as electron-beam lithography and etching,
growth on nonplanar and masked substrates, or molecular-
beam epitaxy, leads to a renewed interest in the theoretical
and experimental studies of semiconductor quantum wires
�QWRs� �see Refs. 1–3, and references therein�. The reason
for this is that QWRs of high quality and well controlled
parameters allow for unique properties of the one-
dimensional �1D� electron and hole states. A study of the 1D
structures is important on account of two aspects: �i� consid-
erable interest in fundamental properties associated with the
inverse square-root divergence of the energy density of the
1D states at the band gap Eg, manifesting itself in interband
optical effects, and �ii� a wide range of potential applications,
e.g., nanolasers, 1D wave guides, resonant tunneling diodes,
thermoelectric systems,4 metal complexes,5 and porous sili-
con QWRs.6

Along with the uniform QWRs �UQWRs� the nonuniform
wire structures attract much attention. Recently a theory of
optical absorption in a quantum dot superlattice embedded in
a QWR has been developed.4 Gradećak et al.7 demonstrated
that n-GaN / InGaN / p-GaN radial wire heterostructures can
be prepared and configured as light-emitting diodes. Efficient
photoluminescence has been observed in InP/InAsP/InP
structures formed by the InP QWR with embedded InAsP

insertion.8 Electronic properties of the single- and double-
barrier InAs/InP wire structures were studied experimentally9

and theoretically10 in terms of the basic elements of the
transport and photonic devices. Here we treat the single-
barrier structure formed by two coaxial QWRs separated by
impenetrable insertion as the double QWR �DQWR�.

The external longitudinal uniform electric field F modifies
the spectrum of the interband fundamental optical absorption
�Franz-Keldysh �F-K� effect�.11–14 At the edge of spectrum
��=Eg the square-root singularity is replaced by a finite
maximum. An electric field induces a nonvanishing absorp-
tion below the edge ���Eg as well as oscillations above the
edge ���Eg. Note that the F-K effect is most pronounced
for a 1D QWR compared to two-dimensional �2D� quantum
wells or to the three-dimensional �3D� bulk material. This is
because in the QWR there are no degrees of freedom unaf-
fected by the electric field while in the 2D structures or in
bulk material one or two degrees of freedom, respectively,
remain untouched.

Excitons formed by interacting electrons and holes
change drastically the optical electroabsorption in
QWRs.2,3,15,16 Rydberg series of exciton peaks arise below
the edge and tend to the finite absorption at the edge while
above the edge the exciton effect suppresses the F-K optical
absorption.

In the presence of a longitudinal dc electric field F, the
exciton peaks become wider and less in intensity because of
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the ionization of the bound exciton states. Under the condi-
tion F�F0, where F0 is the critical electric field determined
by the exciton binding energy Eb and the exciton Bohr radius
a0,16 the exciton states become ionizing and too wide to be
accessible in an experimental study. This is why thin QWRs
�nanowires� of radius R, being much smaller than the exciton
Bohr radius a0 �R�a0� are of special interest. In units of the
exciton Rydberg constant Ry�ex� the binding energy of the
exciton in bulk material is Eb

3D=1Ry�ex� and binding energy
of the 2D exciton in quantum well is Eb

2D=4Ry�ex�; the bind-
ing energy of the 1D exciton in the QWR, Eb

1D

�Ry�ex� ln2�R /a0� �a0 /R�1, ln�a0 /R��1�, in principle, can
be made significantly greater than those in the 2D and 3D
structures. This in turn leads to an increase in the critical
electric field F0 and stability of the exciton with respect to
ionization. The critical electric fields F0

�qwr�, estimated from
the data of Ref. 17 for the GaAs QWR of radius R
=4.2 nm and for the bulk GaAs crystal F0

�bulk�, obey the re-
lationship F0

�qwr��13.5F0
�bulk�. Note that nanowires of radius

R=3.6 and 4.2 nm were recently considered in Refs. 2 and 4,
respectively, while the exciton Bohr radius in GaAs material
is about a0=14 nm.16 Thus exciton effects in QWR become
more pronounced and play an important role in the optical
absorption close to the edge ��=Eg. In the case R�a0 the
quasi-1D character of the exciton states can be ensured by a
strong longitudinal magnetic field B providing the magnetic
length aB= �� /eB�1/2 to be much less than the exciton Bohr
radius a0 �aB�a0�. In this case the exciton binding energy
Eb

1D can be estimated using the above-given expression while
replacing R by aB. Detailed studies of magnetoexcitons origi-
nated in Refs. 17 and 18, and are followed by Refs. 1, 3, and
19–21.

Besides the direct excitons in the uniform low-
dimensional structures, the indirect excitons composed of the
spatially separated electrons and holes in nonuniform sys-
tems are under study. In particular the superfluidity of the
indirect excitons in the quantum well22 and quantum wire23

structures was predicted �see Refs. 22 and 23, and references
therein�. The liquid phase is realized because the indirect
exciton lifetime considerably exceeds the thermalization
time on account of the small overlap of the spatially sepa-
rated electron and hole states. The spatially indirect excitons
and their liquid phase manifest themselves experimentally in
the spectra of the photoluminescence of double quantum
nanostructures.24 Lozovik and Ruvinskii22 pointed out that
the electric field directed perpendicular to the heterolayers
separating the carriers leads to an increase in effective
electron-hole distance and hence to a decrease in the recom-
bination rate. However, the electric field transforms the
bound exciton into unbound electron-hole pair because of the
ionization process. Thus, the effect of the electric field on the
indirect excitons is of interest. Here we point out that in the
present paper the indirect exciton is formed by the electron
and hole in the coaxial quantum wires while in Ref. 23 elec-
tron and hole move in two parallel coupled quantum wires.
In contrast to the coaxial wires, the coupled wire confine-
ment, providing the indirect character of the exciton, acts
perpendicular to the axis of the structure.

Under the condition r0�a0 �r0=min�R ,aB�� the total ex-
citon energy consists of the sequence of the Rydberg energy

series of the n states, n=0,1 ,2 , . . ., adjacent to the low side
to the size-quantized �R�aB� or Landau �R�aB� levels
E�N , N=0,1 ,2 , . . .. All series except one, the energetically
lowest N=0, are superimposed on the N subbands of the
continuous quasi-Coulomb spectra emanating from the lower
levels E�N. Thus only the ground exciton series N=0 is
strictly discrete while others �N�0� are quasidiscrete �i.e.,
Fano resonances25� because of the interlevel �intersubband�
coupling between the nth discrete and continuum states of
the same energy. The energy-level density corresponding to
the excited series N�0 consists of peaks of finite width �Nn

�

determining the autoionization rate and lifetime of the nth
resonant state. In the presence of the electric field F the
exciton states of the excited Rydberg series N�0 have two
channels of ionization: the autoionization channel, caused by
the intersubband coupling, and the electric field-ionization
channel, associated with the below barrier tunneling, and
providing the width �Nn

F and field-ionization rate of the
bound Coulomb states.26 For the n states of the ground ex-
citon series N=0 only one channel is opened, namely, the
ionization by the electric field F. Clearly nanowires sub-
jected to longitudinal electric and strong magnetic fields are
unique structures in which an interplay between the exciton
ionization rates related to �Nn

� and �Nn
F occurs. The finite

lifetime of the quasidiscrete exciton states is essential for an
experimental study of the excitons in the nanowires exposed
to electric fields.

Let us comment on the problem under discussion. First,
the existing theoretical approaches are mostly based on nu-
merical solutions �solving the semiconductor Bloch
equations,2,16 expansion in a basis set,15 finite difference
scheme,3 and Poisson-Schrödinger calculations10� including
variational methods1,17–20 requiring a substantial computa-
tional efforts. Bednarek et al.27 calculated the binding energy
of the quasi-1D exciton in a QWR using 100 variational
parameters. In parallel with this a detailed study of the evo-
lution of the exciton spectrum as a function of the radius of
the QWR, and strengths of the magnetic and electric fields
remains unavailable. Although numerical approaches are in-
dispensable for a detailed understanding and comparison
with experimental data, it is at the same time instructive and
complementary to develop and apply analytical methods
which will be activated in the present work. Analytical ap-
proaches provide the possibility to follow the evolution of
the exciton spectrum as a function of the radius of the QWR,
and the electric and magnetic fields strengths. Note that
strong exciton effect on the F-K electroabsorption in the
spectral region off the exciton peaks in bulk material has
been predicted analytically.28,29 To our knowledge analytical
methods providing the explicit dependencies are not widely
available in the literature. Second, the absolute majority of
papers employed the single-subband �SS� approximation, in
which the coupling between the discrete and continuous ex-
citon states was not taken into account.2–4,15 A double-
subband �DS� approximation describing the coupling be-
tween two pairs electron and heavy-hole subbands has been
used in Ref. 16. However, the contribution of the autoioniz-
ation to the presented numerical results was not clearly iden-
tified. Third, only few papers relate to the effects of electric
and transverse magnetic fields on the exciton states in the
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QWR. Benner and Haug30 solving Poisson’s and
Schrödinger’s equations consider separately the quantum
confined Stark effect and magnetoabsorption in the QWR.
Madureira et al.31 calculated the magnetoexciton electroab-
sorption in T-shaped QWRs using the semiconductor Bloch
equation. Again to our knowledge the combined effect of
both longitudinal magnetic and electric fields on the exciton
absorption in the QWR has not been addressed in the litera-
ture. Also the problem of electric field ionization of indirect
excitons in DQWRs has not been comprehensively studied
so far. Thus the analytical multisubband approach to the
problem of excitons in uniform nanowires and in DQWRs
subjected to both longitudinal magnetic and electric fields is
of great interest. Also it is key to the explanation of experi-
mental data to influence and trigger further experiments, and
to elucidate the basic physics of the interplay between the
autoionization and electric field ionization of the quasi-1D
exciton states.

In order to reach these aims and to fill the mentioned gaps
concerning the physics of quasi-1D excitons, we develop an
analytical approach to the problem of exciton in a cylindrical
QWR of radius R bounded by an impenetrable barrier in the
presence of longitudinal magnetic B and electric F fields
both directed parallel to the QWR axis. Along with the uni-
form QWR we consider the indirect exciton states in the
double QWR formed by two coaxial QWRs in which the
electron �e� and hole �h� are spatially separated by an impen-
etrable insertion of width D. We focus on nanoscaled QWRs
of small radius R and strong magnetic field B, providing a
significant confinement of the exciton in the transverse plane
perpendicular to the QWR axis thereby resulting in a
quasi-1D character of the exciton states.

The aims of our calculations are the energies of the indi-
rect exciton in the DQWR and the coefficient of the absorp-
tion of light associated with the transitions to the direct ex-
citon states in the UQWR as functions of the confinement
�R ,aB� and electric field strength F. In the effective-mass
approximation the exciton wave function is expanded with
respect to the basis set composed of the transverse wave
functions describing the confined lateral motion of the non-
interacting electrons and holes. The set of the equations for
the longitudinal exciton wave functions is solved for the in-
direct excitons in the single-subband approximation, and for
the direct excitons both in the single- and in the double-
subband approximations of two interacting transverse sub-
bands. We demonstrate that our analytical results are in line
with those obtained numerically. Estimates of the expected
experimental values are made for the parameters of the
GaAs/AlGaAs QWR. Let us emphasize that the focus of our
approach is to elucidate the basic physics of the exciton
states in biased uniform and nonuniform QWRs. We do not
intend to compete with the results obtained by comprehen-
sive numerical methods.

The paper is organized as follows. In Sec. II the general
approach to the problem, the basis of the lateral functions
and the set of equations describing the confined magnetoex-
citon states in biased QWR are derived. In Sec. III we cal-
culate the complex energy levels relevant to the electric field
ionization of the indirect exciton magnetostates in the
DQWR. The influence of the electric field ionization, auto-

ionization caused by the intersubband couplings and its com-
bined effect on the exciton magnetoabsorption in the uniform
QWR are under consideration in Sec. IV. A discussion of the
obtained results, justification of the employed simplifica-
tions, as well as a comparison with the available experimen-
tal data and estimates of the expected experimental values
are provided in Sec. V. Section VI contains the conclusions.

II. GENERAL APPROACH

We consider a double quantum wire composed of two
uniform coaxial cylindrical QWRs separated by an impen-
etrable insertion of width D �see Fig. 1�. Both QWRs are
bounded by potential barriers of infinite height at the cylin-
drical surface of radius R. The magnetic B and electric F
fields are chosen to direct parallel to the z axis that in turn
coincides with the common axis of the QWRs. The center of
the potential barrier separating the QWRs is taken at the
point z=0. The other length scales relevant to the problem
are the exciton Bohr radius a0 and the magnetic length aB
defined as usual by

a0 =
4	
0
�2

�e2 and aB = � �

eB
�1/2

,

where � is the reduced effective mass of the electron �e� and
hole �h� ��−1=me

−1+mh
−1�, respectively, and 
 is the dielectric

constant. We take the electron and hole energy bands to be
parabolic, nondegenerate, and separated by a wide energy
gap Eg.

In the effective-mass approximation the equation describ-
ing the indirect exciton formed by the spinless electron and
hole having the masses mj, charges ej �ee=−eh=−e�, and
positions r� j��� j ,zj� , �j=e ,h� subject to the external uniform

magnetic B� and electric F� fields has the form

� 	
j=e,h


 1

2mj
�− i��� j +

ej

2
�B� 
 �� j��2

+ ejFzj�
−

e2

4	
0
�r�e − r�h�
− E
��r�e,r�h� = 0. �1�

By solving this equation subject to the boundary condi-
tions relevant to the indirect exciton

����e,��h;ze,zh� = 0, �2�

at any one of the conditions �e=R , �h=R , ze= 1
2D , zh

=− 1
2D the total exciton energy E and the wave function �

are found in principle. The solution to Eq. �1� can be chosen
in the form

FIG. 1. The DQWR composed of two coaxial QWRs of radius R
and quantum disk of height d incorporated in one of the QWRs:
QWRs are separated by an insertion of width D.
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��r�e,r�h� = 	
l

��l����e,��h���l��ze,zh� , �3�

where l is the set of the quantum numbers corresponding to
the lateral motion. The transverse basis wave functions
��l����e ,��h� obey the equations17

� 	
j=e,h

1

2mj
�− i��� j +

ej

2
�B� 
 �� j��2

− E�
�l�
��l����e,��h� = 0,

�4�

and the boundary conditions

��l����e,��h� = 0

at any one of two conditions �e = R, �h = R .

�5�

For the longitudinal wave functions ��l��ze ,zh� we have

� 	
j=e,h


−
�2

2mj

d2

dzj
2 + ejFzj� − E + E�

�l�
��l��ze,zh�

+ 	
l�

Vl�
l �ze,zh���l���ze,zh� = 0, �6�

where

Vl�
l �ze,zh� = −

e2

4	
0

�l�

1

����e − ��h�2 + �ze − zh�2
�l�� �7�

is the matrix element calculated with respect to the functions
��l����e ,��h�.15

For a QWR with arbitrary radius R and magnetic field B,
the lateral wave functions ��l����e ,��h� and energies E�

�l� can
be calculated only numerically. However for the limiting
cases of strong confinement �quantum wire regime� and of
strong magnetic field �magnetic regime�, the transverse states
can be found analytically.

A. Quantum wire regime (R™aB)

In this case the confinement dominates the effect of the
magnetic field. The set of the quantum numbers lj includes
the radial Nj and magnetic Mj quantum numbers lj
��Nj ,Mj�. In the zeroth approximation the normalized trans-
verse wave functions ��l����e ,��h� , l��le , lh� read

��l����e,��h� = �le
���e��lh

���h� , �8�

where

�le
���e� =

exp�iMe�e�
�2	

21/2

RJ�Me�+1���Me�,Ne
�
J�Me����Me�,Ne

�e

R
� .

�9�

In Eq. �9� J�M��x� are the Bessel functions, M =0, �1,
�2, . . . is the magnetic quantum number, and ��M�,N is the
root of the Bessel function �J�M����M�,N�=0�, i.e., �0,1
=2.40, �0,2=5.52, and �1,1=3.83, . . ..2 Electronic wave
function �9� yields the electronic transverse energy

E�le
=

�2��Me�,Ne

2

2meR
2 +

�2

2meaB
2 Me +

�2R2�2�Me
2 − 1� + ��Me�,Ne

2 �

24meaB
4��Me�,Ne

2 .

�10�

In Eq. �10� the first term is the energy of the carrier in the
quantum disk of radius R while others, describing the Zee-
man splitting �aB

−2 and the diamagnetic shift �aB
−4, are the

corrections caused by the magnetic field B. The hole function
�lh

���h� and hole transverse energy E�lh
can be obtained

from Eqs. �9� and �10�, respectively, by replacing the index e
by index h and taking the complex conjugate. The total trans-
verse energy E�

�l� is the sum of the lateral electron and hole
energies E�lj

E�
�l� = Eg + E�le

+ E�lh
. �11�

B. Magnetic regime (aB™R)

In this case the effect of the strong magnetic field on the
radial electron and hole states significantly dominates the
effects due to the size quantization in the wide QWR. Ne-
glecting the effect of the confinement suggests introducing a
transverse relative coordinate �� and a transverse coordinate
of the center of mass R� �

�� = ��e − ��h; R� � =
me��e + mh��h

me + mh
.

For the optically active cylindrically symmetric excitons
in question, having a zero magnetic quantum number and
zero total momentum, the lateral wave function can be writ-
ten in the form32–34

��l����e,��h� =

exp� ie

2�
�B� 
 ��� · R� ��
�S

1
�2	aB


exp�−
�2

4aB
2 �LN� �2

2aB
2 � , �12�

where S is the cross-section square in the x-y plane and
where LN�x� , N=0,1 ,2 , . . . are the Laguerre polynomials.
Wave function �12� corresponds to the electron-hole Landau
levels

E�
�l� = Eg +

�2

2�aB
2 �2N + 1�; N = 0,1,2, . . . , �13�

which become the nondegenerate because of the zero total
momentum.

In the absence of the excitonic Coulomb interaction �Vl�
l

=0�, set �6� yields independent equations for different l. The
total energy E is the sequence of the electron and hole sub-
bands formed by the branches of the continuous longitudinal
energies emanating from the transverse electron and hole en-
ergy levels E�lj

, respectively. The continuous subbands cor-
respond to unbound states of the carriers in the presence of
the electric field.

It follows from Eq. �7� that in the region �ze−zh���̄
��̄��l���l��R or aB�
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Vl�
l �ze,zh� � −

e2

4	
0
�ze − zh�
�l,l� + O� �̄2

�ze − zh�2�� .

For a narrow QWR and strong magnetic field providing
the conditions

r0 � a0 �r0 = min�R,aB�� , �14�

the diagonal potentials Vl
l dominate the off-diagonal poten-

tials, i.e., Vl�
l �Vl

l��̄2 /a0
2� , l� l�. In the single-subband ap-

proximation we neglect the off-diagonal potentials and only
one pair electron-hole subband le , lh is under consideration.
In this case set �6� decomposes into independent equations.
The 1D exciton states are governed by the quasi-Coulomb
Vl

l��ze−zh�� and electric field eF�ze−zh� potentials. In the
single-subband approximation we encounter a sequence of
series of quasidiscrete exciton levels adjacent on the low
energy side to the transverse energy level E�

�l�. In the absence
of the electric field all exciton series �le , lh� except the one
adjacent to the ground transverse level E�

�0� are superimposed
on the continuous Coulomb spectra emanating from the
lower transverse levels toward the energies E�E�

�l�. Since in
the single-subband approximation we neglect the coupling
between the bound and unbound exciton states, associated
with the different subbands �le , lh�, the quasidiscrete charac-
ter of the exciton levels is caused by the ionization of the 1D
exciton states by the electric field F.

In the multisubband approximation in the absence of the
electric field the series of the bound exciton states �le , lh�
except for the ground series are in resonance with the states
of above mentioned continuous spectra, which in turn leads
to an autoionization process. In the presence of the electric
field an interplay between the autoionization and electric
field-ionization process occurs. Below we consider in the
single-subband approximation the electric field ionization of
the indirect exciton states in the DQWR. The interplay be-
tween the electric field ionization and autoionization caused
by the intersubband coupling will be studied in the double-
subband approximation for the direct excitons in an UQWR
�D=0, no barrier�.

III. INDIRECT EXCITON IN THE DOUBLE
QUANTUM WIRE

At this stage we consider �as depicted in Fig. 1� the modi-
fied DQWR in which one of the QWR contains the isolated
p-doped disk layer positioned close to the interface. A similar
structure has been investigated in Ref. 10. Such a structure is
appropriate for a study of the spatially separated indirect ex-
citons formed by the holes captured at the interface �z
�−D /2� and electrons within the semi-infinite QWR �D /2
�ze���. The polarization of the p-doped layer by the elec-
trons displaces the extra holes in the layer toward the disk-
wire interface, which in turn enhances the localization of the
exciton hole at z�−D /2. The energy of the transverse mo-
tion of the exciton hole ��2 /mhR2 exceeds that of the repul-
sion between the hole in the exciton and the extra holes in
the p-doped layers �d−1 under the condition R2�ahd, where
ah is the hole Bohr radius. For the holes in the GaAs �mh
=0.4m0� QWR of radius R=4.2 nm, this condition implies

d�11 nm. The alternative mechanism to confine the exciton
holes near the interface z=−D /2 is to create left of the inter-
face the narrow layer with the different electronic param-
eters, acting as a hole quantum well. This modification does
not change qualitatively the physical results, obtained below,
but allows to effectively apply the analytical methods and to
simplify the numerical calculations. The extension of the ob-
tained results to the arbitrary positioned layer and to the mo-
tion of the holes will be given in Sec. V A. In Fig. 1 the
region −��z�0 left of the wire becomes available for the
holes in the UQWR �D→0,d→��.

The longitudinal exciton wave function ��l��ze ,zh�
=��l��ze��0�zh� consists of the hole wave function �0�zh� de-
scribing the hole of the energy Eh within the hole layer and
the electron function ��l��ze�. In the single-subband approxi-
mation the electron functions ��l��ze� satisfy Eq. �6� with the
diagonal potentials Vl

l�ze ,zh�

��l���u� + 
��l��u2 + g2�−1/2�l� +
�3s

8
u −

1

4
���l��u� = 0;

u0 � u � � , �15�

and the boundary conditions

��l��u0� = 0. �16�

Equation �15� is written in the terms of the dimensionless
electric field s, in-plane g and longitudinal u electron-hole
distances, and the quantum number �, given by the following
formulas:

u =

2�ze +
1

2
D�

ae�
; u0 =

2D

ae�
; E − Eg − E�

�l� − Eh = −
Ry�e�

�2 ,

g2 =
4���e − ��h�2

ae
2�2 ; s =

eFae

Ry�e� ,

where Ry�e� =
�2

2meae
2 and ae =

4	
0
�2

mee
2 ,

are the electron Rydberg constant and the electron Bohr ra-
dius, respectively. For an estimation of the parameter g2 after
the integration over the variables ��e and ��h, we set ���e
−��h�2�r0

2, where r0 is given by Eq. �14�. The term ��u2

+g2�−1/2 describes the 1D attractive quasi-Coulomb potential,
having the asymptotics ��u�−1 at �u��g , g�1, finite depth
�g�−1 at u=0, and truncated at the distance u=u0. The solu-
tion to Eq. �15� is based on the method developed originally
by Hasegawa and Howard �H-H� �Ref. 35� and on the
method of a comparison equation.36 The H-H method allows
taking into account the effect of perturbation of the 1D Cou-
lomb states by the small parameter g�1 in the term ��u2

+g2�−1/2. The function, calculated by the iteration procedure
for u�1 and 1D Coulomb function, relevant to the term
��u�−1 and valid for �u��g, are matched in the region g
� �u��1. The approximate method of a comparison equation
is based on replacing the variable u by another one ��u�,
which transforms Eq. �15� to the exact analytically solvable
comparison equation. The solution to Eq. �15� is taken in the

RESONANT FRANZ-KELDYSH EXCITON EFFECT IN THE… PHYSICAL REVIEW B 79, 165314 �2009�

165314-5



form ��u�= ����u��−1/2f���u��. Substituting this function into
Eq. �15� we arrive at the equation for the variable ��u�,
which in turn allows calculation of the variable ��u� itself
and the quantum number �. For the weak electric field s the
solutions f��� to the comparison equation are the Whittaker
functions.37 If the effect of the electric field �su consider-
ably exceeds that of the Coulomb attraction ��u�−1, the func-
tions f��� coincide with the Airy functions.37 Below the Airy
functions determine the “outer” wave function, having at
large distances u the complex form of an outgoing wave.
When matched with the “inner” real function, describing for
small distances u the bound state, the complex quantum
number � and consequently the complex energy levels, cor-
responding to the quasidiscrete states, are found. The imagi-
nary part of these levels � /2 defines the ionization rate W
=�−1�, induced by the electric field F. The outgoing wave
boundary condition is the key point of the complex energy
method �see Ref. 38 for details�. The justification of this
method and its comparison with others are given in Ref. 26,
in which the ionization rate of the 3D hydrogen atom has
been calculated. Note that in addition, for example, Eq. �21�
will be derived using the comparison equation ignoring the
electric field while Eqs. �22� and �41� imply that the electric
field is the governing factor.

A. Narrow barrier (u0™1,u0�g)

Introducing the left u1 and right u2 turning points

u1 = 4�, u2 =
2

�3s
,

we sequentially consider Eq. �15� in the classically allowed
u�u1 , u�u2 and forbidden u1�u�u2 regions. However,
the regions, relevant to the form of the wave function, are
u�1, g�u�u1, u1�u�u2, and u�u2.

1. Region u�u1

In the zeroth approximation we neglect the effect of the
electric field �su in Eq. �15�. In the region u�1 an iteration
H-H method is employed by double integration of Eq. �15�
using the following trial function with boundary condition
�16�

�̃�u� = ��u − u0��u2 + g2�1/2ln�u + �u2 + g2� ,

where � is a constant. In the region u�g the general solution
to Eq. �15� is given by

��u� = AW�,1/2�u� + BM�,1/2�u� , �17�

where W�,1/2�u� and M�,1/2�u� are the Whittaker functions,37

and A and B are constants. The chosen trial function is the

extension of the trial function with �̃�0�=0, employed in
Ref. 39, to boundary condition �16� at u0�0, u0�g. The
latter in turn is the generalization of the principle
u-dependent term �u ln u in the expansion of Eq. �17� at u
�1 for the case g�0, multiplied by the factor u, providing

the condition �̃�0�=0. The above-given trial function gener-
ates the correct solution to Eq. �15� at u�g, having the terms
of the same orders as those of function �17� at u�1 and the

energy levels transform to the correct 1D Coulomb series
−Ry�e� /n2 , n=1,2 , . . ., corresponding to the wave functions
�n�z� ��n�0�=0� in the limiting case u0→0 and then g→0.
A comparison of the coefficients is then made between the
results of double integration taken for u�g and the standard
expansion of the Whittaker functions involved in Eq. �17� for
u�1. When terms of the same orders are equated, a set of
two linear equations

A
1

��− ��
+ �

�g2

4
= 0 �18�

and

A
����

��− ��
− ��u0

2 + g2ln�u0 + �u0
2 + g2� + B = 0, �19�

results, where

���� = ��1 − �� +
1

2�
+ 2�E − 1, �20�

and where ��x� is the gamma function, ��x� is the psi func-
tion �the logarithmic derivative of the gamma function�, and
�E�0.577 is the Euler constant.

The effect of the electric field �s on the exciton energy
can then be calculated by the method of a comparison equa-
tion, in which the comparison equation is the equation for the
Whittaker function W�,1/2���. The quantum number �, which
defines the exciton energy −Ry�e� /�2 �the Stark effect� can be
found from the relationship,36

�
u0

u1 ��

u
−

1

4
�1/2

du = �
u0

u1 ��

u
−

1

4
+

�3s

8
u�1/2

du ,

to give in turn for the quantum number �

� = ��1 −
3

4
�4s� , �21�

where � is the unperturbed quantum number, calculated from
Eq. �15� at s=0.

2. Regions u1�u�u2 and u�u2

In this region the effect of the electric field �s overcomes
that of the Coulomb potential, and consequently, as men-
tioned above, the Airy functions, Ai�−�� and Bi�−��,37 occur
in the general solution to Eq. �15�

��u� = C����−1/2�Bi�− �� + iAi�− ���; ��u� = 
3

2
��u��2/3

,

�22�

where

��u� = ��u2

u ��

v
−

1

4
+

�3s

8
v�1/2

dv; u � u2,

− i�
u2

u �− �

v
+

1

4
−

�3s

8
v�1/2

dv; u � u2.�
In the region u�u2 function �22� has the asymptotics of

an outgoing wave. Under the condition s�4�1 functions
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�17� and �22� can be matched within the region u1�u�u2. A
comparison of Eq. �17� with the Whittaker functions
W�,1/2�u� and M�,1/2�u� taken for u�1 and Eq. �22� for u
�u2 , ����1 is made. When terms of the same form are
equated, a set of two linear equations results

A − B
cos 	�

��1 + ��
− C� 2

	
�1/2

�̃−1 = 0 �23�

and

B
1

��1 − ��
−

i

2
C� 2

	
�1/2

�̃ = 0, �24�

where

�̃ = exp�−
2

3�3s
−

3

2
� + � ln

8

�3s

 . �25�

The set of linear algebraic equations �18�, �19�, �23�, and
�24� are solved by the determinantal procedure, giving in
turn the transcendental equation for the quantum number � in
the form


i
cos 	�

2��1 + ��
+

1

�̃2��1 − ��
�
ql +

�g2�l

4
������

− i
�g2�l

8
��1 − �� = 0, �26�

where the function ���� is given by Eq. �20� and where

ql = �l��u0
2 + g2�1/2ln�u0 + �u0 + g2��l�, �g2�l = �l�g2�l� .

Solving Eq. �26�, the quantum number � and then � and
the exciton energy E in Eq. �15� can be obtained as a func-
tion of the magnetic field B and/or radius of the QWR R
��g2�l�, electric field F�s�, and the width of the interwire bar-
rier D�u0�.

The limiting case of a vanishing electric field F=s=0 �Eq.

�26�� for �̃=0 reads

���� +
4ql

��g2�l
= 0,

giving for the quantum number �

� = n + �n; n = 1,2,3, . . . ; �n = −
n�g2�l

4ql
. �27�

The quantum defect �n�1 describes the blue energy shift
of the exciton state n caused by the confinement �strong
magnetic field B and/or QWR radius R� and the finite width
D of the interwire barrier. This blueshift reflects the reduc-
tion in the exciton binding energy, which is the result of the
finite depth of the quasi-Coulomb well �−�u2+g2�−1/2 at u
=0 and excluding the region 0�u�u0 �see Eq. �16�� within
which electron-hole attraction is significant. In the limiting
case of an extremely strong confinement �very small radius
of the QWR or very intensive magnetic field ��g2�l→0�� and
a very narrow interwire barrier D�u0→0�, we obtain from
Eq. �26� at ql= �g2�l=0

i
cos 	�

2��1 + ��
�̃2 +

1

��1 − ��
= 0. �28�

The solution to this equation is

� = n + i�n; �n = −
1

2n ! �n − 1�!
�̃2, �29�

in which �=n=1,2 ,3 , . . . should be taken in Eq. �25� for �̃.
The imaginary part of the quantum defect �n�1 reflects the
width of the quasidiscrete exciton energy level n associated
with the ionization of the exciton state by the electric field F.

In principle, the factor �̃2 can be found calculating the tun-
neling probability of the particle having the energy −Ry�e� /�2

via the 1D potential barrier formed by the Coulomb potential
�−u−1 and the potential due to the uniform electric field
�−su.

B. Intermediate barrier (u0™1,u0šg)

Neglecting the parameter g in the term ��u2+g2�−1/2 in
Eq. �15�, we arrive at general solution �17� to this equation in
the region u0�u�u2. Boundary condition �5� for function
�17� at u0�1 gives

A
����

��− ��
+ B = 0, �30�

where

���� = ���� −
1

�u0
+ ln u0. �31�

The set of linear algebraic equations �23�, �24�, and �30� is
then again solved by the determinantal method, and provides
the transcendental equation


i
cos 	�

2��1 + ��
+

1

�̃2��1 − ��
����� +

i

2
��− �� = 0. �32�

In the absence of the electric field Eq. �32� transforms into
the equation ����=0, where ���� and ���� are given by Eqs.
�31� and �20�, respectively. In particular in the logarithmic
approximation �u0 ln u0��1 the quantum number � relevant
to the zeroth electric field F=0 is given by

� = n + �n; �n = nu0; n = 1,2, . . . . �33�

Similar to Eq. �27� the quantum defect �n�1 �Eq. �33��
shows a blueshift of the exciton state n induced by the width
D of the interwire barrier. The corresponding reduction in the
binding energy �E�−�Ry�e� /n2�u0 is the consequence of the
shortening of the region available for the exciton motion by
the amount 0�u�u0. The given above energy shift �E can
be estimated by the integration of Eq. �15� for g=s=0 over
the region u0�u�� using the ground-state �n=1� wave
function ��u��u exp�−u /2�. Setting formally u0→0 �����
→�� in Eq. �32� we arrive at Eq. �28� and quantum number
�29�.

C. Wide barrier (u0�1)

In the absence of the electric field the general solution to
Eq. �15� can be obtained from Eq. �17� for B=0. Boundary
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condition �5� for function �17� at B=0 leads to the equation
for the quantum number �

W�,1/2�u0� = 0. �34�

For the excited levels ���1� we have from Eq. �34�

� = N +
2u0

	2 + 2
u0

1/2

	
� u0

	2 + N

= � N�1 +
2

	

u0
1/2

N1/2� ;
	2N

u0
� 1,

4
u0

	2�1 +
N	2

2u0
� ;

	2N

u0
� 1,�N � n −

1

4
, �35�

and then arrive at the energy levels in a strongly truncated
�D�ae� Coulomb potential. Clearly the wide interwire bar-
rier leads to a considerable decrease in exciton binding en-
ergy and the exciton states appear to be completely ionized
even for a small electric field.

IV. DIRECT EXCITON IN THE UNIFORM
QUANTUM WIRE

Here we consider a direct exciton formed by the electron
and hole in the UQWR �−��ze,h� +��. The total exciton
wave function ��r�e ,r�h� for the zeroth longitudinal total mo-
mentum can be chosen in the form

��r�e,r�h� =
1
�L

	
l

��l����e,��h���l��z�; z = ze − zh, �36�

where L is the macroscopic length of the QWR, and where
the transverse basis wave functions ��l����e ,��h� are given by

Eqs. �8�, �9�, and �12�. The functions ��l��z� describing the
relative longitudinal exciton motion obey the equations

−
�2

2�

d2��l��z�
dz2 − �eFz + E − E�

�l����l��z� + 	
l�

Vl�
l �z���l���z� = 0,

�37�

where E is the total exciton energy and E�
�l� is the energy of

the transverse motion determined by Eqs. �11�, �10�, and
�13�. The potentials Vl�

l �z� are given by the right-hand part of
Eq. �7� in which ze−zh�z.

It was justified originally in Ref. 40 that the exciton ab-
sorption can be treated as the optical transition of an
electron-hole pair from the ground state described by the
wave function ��0��r�e ,r�h�=��r�e−r�h� to the excited state, cor-
responding to exciton function �36�. The coefficient of ab-
sorption ����, where �=E /� is the frequency of the ab-
sorbed photon, is defined by the overlap integral between
these functions, which establish the selection rules for the
interband transitions. In the magnetic regime �aB�R� the
transitions are allowed in the cylindrically symmetric trans-
verse states �12� with the magnetic quantum number M =0
and N=0,1 ,2 , . . .. In the QWR regime �R�aB� only the
states �9� having the same axial symmetry �Me=Mh=M
=0, �1, �2, . . .� and the numbers of the subbands Ne=Nh
=N=1,2 , . . . are involved in the interband transitions. Here
we take for the coefficient of the exciton absorption

���� =
1

r0
2��	

N=0

�

��N��0��2

; r0 = aB for the magnetic regime,

� 	
M=0,N=1

�

��M,N��0��2

; r0 = R for the QWR regime. � �38�

A. Single-subband approximation

In the single-subband �SS� approximation the equation for
the longitudinal exciton function ��l��z� corresponding to the
quasidiscrete state can be found from Eq. �37� for Vl�

l

=Vl
l�l,l�. We arrive at Eq. �15� with

u =
2z

a0�
; E − Eg − E�

�l� = W = −
Ry�ex�

�2 ; Ry�ex� =
�2

2�a0
2 ;

− � � u � + � .

In the region u�1, an iteration method is employed by

double integration of Eq. �15� using the trial function �̃�u�
=� , �̃��0�=0 satisfying the boundary conditions for the op-

tically active excitons �Eq. �38�� for which �̃�0��0. Note
that under the condition g�1 the additional terms in the trial

function �̃�u�, providing the derivative �̃��u��0, lead to
negligibly small corrections to the effects calculated with the
chosen trial function. In the region u�g the general solution
to Eq. �15� is given by Eq. �17�. A comparison of the func-
tion obtained by the double integration for u�g with the
conditions imposed on the trial function and its derivative,
and that calculated from Eq. �17� for u�1 �Ref. 37� leads to
the set of two equations
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A
1

��1 − ��
− � = 0, �39�

A
����

��− ��
+ ���ln 2 − 1 − �ln g�l� + B = 0. �40�

In contrast to Sec. III here we treat the quasidiscrete ex-
citon state as a real state of the real energy of the continuous
spectrum possessing a maximum of the energy-level density.
In the regions u1�u�u2 and u�u2 we replace complex
solution �22� possessing the asymptotic of an outgoing wave
by the real function with the asymptotic of a standing wave

��u� = C����−1/2�Bi�− ��cos  + Ai�− ��sin  �;

C =
��a0�

�
. �41�

Wave function �41� is normalized according to ��W
−W�� following the well-known rule, related to the flux den-
sity. As above under the condition s�4�1 in the region u1
�u�u2, we match the asymptotic expansions of functions
�17� at u�1 and �41� at ����1.37 A set of two linear equa-
tions reads

A − B
cos 	�

��1 + ��
− C� 2

	
�1/2

�̃−1cos  = 0, �42�

B
1

��1 − ��
− C

1

2
� 2

	
�1/2

�̃ sin  = 0, �43�

where �̃ is given by Eq. �25�.
Solving the set of equations �39�–�43� by the determinan-

tal method, we arrive at the equation for the phase  

cot  =
�̃2

2

�2�1 − ��
�


 1

!l���
−

sin 2	�

2	
� , �44�

and for the coefficient of exciton absorption �38�

��l���� = ���2 =
�a0�

2	�2r0
2�̃2�2�− ��

!l
2���

�1 +
�̃4

4

�4�1 − ��
�2



 1

!l���
−

sin 2	�

2	
�2
−1

, �45�

where

!l��� = ��1 − �� +
1

2�
+ �ln

g

2
�

l

+ 2�E. �46�

Equation �45� describes the exciton absorption as a func-
tion of the photon energy E=�� ��=��E��.

1. Exciton electroabsorption

We refer to the exciton electroabsorption as the optical
absorption caused by the transitions to the quasidiscrete ex-
citon states. In the vicinity of the resonant energy, deter-
mined by the quantum number �n calculated from

!l��n� = 0; �n = n + �n; �n � 1; n = 0,1,2, . . . .

�47�

Equation �45� may be rearranged to

��l���,n� = �0�n�"�l���,n� , �48�

where

�0�n� =
2�a0�Ry�ex�

�2r0
2�n

4� �!l

��
� ; �49�

"�l���,n� =
��l��n�

2	���� − Eex
�l��n� − �E�l��n��2 +

��l�2�n�
4


 .

The energy

Eex
�l��n� = Eg + E�

�l� −
Ry�ex�

�n
2 ; n = 0,1,2, . . . ,

are the strictly discrete energy levels of the quasi-1D exciton
in the absence of the electric field. We omit here the linear
and squared Stark terms for the excited n=1,2 , . . ., and the
ground n=0 levels of the orders sn4�1 and s2�0

6�1, respec-
tively �see Ref. 41 for details�. Note that the state n=0 is
relevant only to the direct exciton in contrast to the indirect
exciton �see Eqs. �27� and �33�� because of imposed bound-
ary condition �16�. These levels can be found from Eqs. �39�
and �40� at B=0. The width ��l��n� and the shift �E�l��n� of
the optical peak caused by the electric field F ionization of
the exciton

��l��n� = −
4	Ry�ex�

�n
3� �!l

�n
�

sin 2�n

sin 2	�n
, �50�

�E�l��n� =
4	Ry�ex�

�n
3� �!l

�n
�

cos2 �n

sin 2	�n
, �51�

can be written in terms of the parameter �n, where

cot �n =
1

2
�̃2��1 − �n�

��1 + �n�
cos 	�n. �52�

As will be discussed in Sec. V B the energies
Eex

�l��n� , �E�l��n�, and widths ��l��n� can also be found as the
real and imaginary parts of the complex energies of the qua-
sidiscrete states, using the method employed in Sec. III. Be-
low we focus on the effect of the electric field F on the width
of the exciton peak ��l��n� �Eq. �50�� and on the maximum of
the exciton absorption �max

�l� �� ,n� �Eq. �48��.
a. Ground state n=0, �0=�0�1. It follows from Eqs.

�46�, �47�, and �52� that in the logarithmic approximation

g�ln g��1 and under the condition �̃4 /4�1

�0 � −
1

2 ln g
;

�!

�n
� −

1

2�0
2 ;
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cos �0 �
�̃2

2
cos 	�0; sin �0 � 1,

which provides for the width �Eq. �50�� and for the maxi-
mum absorption �Eqs. �48� and �49�� at ��0=Eex

�l��0�
+�E�l��0�,

��l��0� =
4Ry�ex��̃2

�0
2 ; �max

�l� ��0� =
�a0�0

2	r0
2�2�̃2

. �53�

b. Excited states n=1,2 , . . . , �n=n+�n , �n�1. Under
the same conditions as those used for the ground state n=0,
we have from Eqs. �46�, �47�, and �52�

�n � −
1

ln g
;

�!

�n
� −

1

�n
2 ;

cos �n �
�̃2

2n ! �n − 1� ! �n
; sin �n � 1.

The width �Eq. �50�� and maximum absorption �Eqs. �48�
and �49�� for ��n=Eex

�l��n�+�E�l��n� become

��l��n� =
2Ry�ex��̃2

n2n!2 ; �max
�l� ��n� =

�a0n ! �n − 1� ! �n
2

2	r0
2�2�̃2

.

�54�

As above, the width ��l��n� and shift �E�l��n� of the exci-
ton peaks, determined by Eqs. �25� and �50�–�54�, are in-
duced by the electron-hole tunneling via the potential barrier
formed by the Coulomb and electric field potentials. In the

absence of the electric field F=0, �̃=0, Eqs. �48� and �49�
transform into the sequence of the �-function-type form ex-
citon peaks ��l��� ,n�=�0�n�����−Eex

�l��n��.

2. Franz-Keldysh exciton effect

Here we consider the exciton effect on the optical electro-
absorption below the threshold at the energies ��−Eg−E�

�l�

=Wl�0 positioned far away from the exciton peaks ����
−Eg−E�

�l�+Ry�ex� /�n
2����l��n��. Since the quantum number �

is significantly different from that corresponding to the exci-
ton level n �Eq. �47�� ����n=n+�n�, the factor ��1
−����−��!l

−1��� in the denominator of Eq. �45� does not

have singularities. Under the condition �̃4�1 results

��l���� = �F-K���
�2�− ��
4!l

2���
exp
3� ln

4

�2c
� ,

� = �Ry�ex�

�Wl�
�1/2

; c =
WF

Ry�ex� , WF = ��2e2F2

2�
�1/3

,

�55�

where

�F-K��� =
1

	r0
2� 2�

�2�Wl�
�1/2

exp
−
4

3
� �Wl�

WF
�3/2� �56�

is the coefficient of the electroabsorption in the 1D structure
associated with the photon-assisted interband tunneling of
the free carriers �Franz-Keldysh effect� in the region �Wl�
�WF. The factor ��l���� /�F-K

�l� ��� in Eq. �55� describes the
exciton effect on the electroabsorption induced by the tran-
sitions to the unbound electron-hole states �Eq. �56��. It fol-
lows from Eq. �46� that if the energy shift �Wl� significantly
exceeds the exciton Rydberg constant Ry�ex� ���1, ��−��
=2!���� then the exciton interaction has little effect and
��l����=�F-K

�l� ���.

B. Double-subband approximation

As mentioned above, in the magnetic regime �aB�R�
only the cylindrically symmetric transverse states �Eq. �12��
with the magnetic quantum number M =0 are optically ac-
tive, and in Eq. �36� the index l coincides with the quantum
number N=0,1 ,2 , . . .. Since in Eq. �37� the off-diagonal po-
tentials �Eq. �7�� obey V0

1�z�=V1
0�z��0 the closest Landau

subbands l�=N=0 and l=N=1 are involved in the double-
subband �DS� approximation. For the QWR regime �R
�aB� we keep, in Eq. �36�, closest transverse states �8� and
�9� l= �le ; lh���Me ,Ne ;Mh ,Nh� with Me,h=0,1 , Ne,h=1.
However, only for the states l�= �0,1 ;0 ,1� , l= �1,1 ;1 ,1� the

off-diagonal potentials Vl�
l �z�=Vl

l��z� are nonvanishing. The
size-quantized closest subbands l�=0 and l=1 are those
which contribute to the DS approximation. This approxima-
tion has been developed originally in Ref. 42 and success-
fully applied to the resonant exciton states in a quantum
well43 and superlattice.44

The set of equations �37� describing the coupling between
the discrete and continuous exciton states of the energies
E�

�0��E�E�
�1� adjusted to the first-excited electron-hole sub-

band l=1 and branching from the ground subband l=0, re-
spectively, can be written in the form

��1���u� + 
��1�
1

�g2 + u2
�1� + f1u −

1

4���1��u�

+ ��1�
1

�g2 + u2
�0���0��u� = 0, �57�

��0���v� + 
k�0�
1

�p2 + v2
�0� + f0v +

1

4���0��v�

+ k�0�
1

�p2 + v2
�1���1��v� = 0. �58�

In the above equations the following notations have been
made

u =
2z

a0�
; g2 =

4���e − ��h�2

a0
2�2 ;

f1 =
eFa0�3

8Ry�ex� ; E − E�
�1� = −

Ry�ex�

�2 .
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The variable v, parameter p2, and dimensionless electric
field f0 can be obtained from the variable u, parameter g2,
and field f1 by replacing � by k, where the quantum number
k is found from equation E−E�

�0�=Ry�ex� /k2. The quantum
numbers obey the relationship

1

�2 +
1

k2 =
E�

�1� − E�
�0�

Ry�ex� � G2 � 1. �59�

Since the matching procedure of solving the sets �57� and
�58� closely resembles that used in Sec. IV A, only an outline
of the calculations will be given below. Comparing the func-
tions ��1��u� obtained by the double integration of Eq. �57�
with the trial functions �̃�1,0��u�=�1,0 and by the expansion
of Eq. �17� in the region g�u�1, we arrive at Eq. �39� with
���1 and at the following expression

A
����

��− ��
+ �1��ln 2 − 1 − �ln g�1� + B − �0�ln g = 0;

ln g = �0�ln g�1� . �60�

As above accomplished, matching the solutions �17� and
�41� to Eq. �57� in the region 1�u�u2 gives the set of
equations �42� and �43�.

For v� p we take the general solution to Eq. �58� in the
form

��0��v� = D�ei"Wik,1/2�− iv� + e−i"W−ik,1/2�iv�� . �61�

Note that Eq. �61� describes the effect of the electric field
on the continuous exciton state while Eq. �17� corresponds to
the electric field ionization of the discrete exciton state.
Comparing the functions ��0��v� obtained by the double in-
tegration of Eq. �58� and by the expansion of Eq. �61� in the
region p�v�1, the set of equations results

�0 + 2D� sinh 	k

	k
�1/2

sin�" + #�k�� = 0; #�k� = arg ��ik� ,

�62�

�0�ln 2 − 1 − �ln p�0� + 2D� sinh 	k

	k
�1/2

sin�" + #�k��


 
1

2
���1 + ik� + ��1 − ik�� −

	

1 − e−2	kcot�" + #�k��

+ 2�E − 1� − �1ln p = 0; ln p = �1�ln p�0� . �63�

In the region v where the Coulomb potential �v−1 has
little effect, the wave function ��0��v� can be obtained from
Eqs. �22� and �41� by replacing u by v, � by k, −1 /4 by
+1 /4, and u2 by v2=−�4f0�−1. Comparing this function and
function �61� in the region 1� �v�� �v2�, we find for the co-
efficient D and the phase "

D =
1

�2	�1/2

��a0k

�
e−	k/2; " =

�v2�
3

− k ln 4�v2� +
	

4
−  .

�64�

Solving the set of equations �39� for ���1 and �42�–�63�
with respect to the coefficients �0 , �1 , A , B , C , D by the
determinantal method, we obtain the equation for the phase
 


 sin 2	�

2	
+

2� cot  

�2�1 − ���̃2��!1��� −
ln g ln p

$0�k� −
	

1 − e−2	kcot Q�
− 1 = 0. �65�

In Eq. �65� !1��� is given by Eq. �46� for l=1, �̃ by Eq. �25�,
and

$0�k� =
1

2
���1 + ik� + ��1 − ik�� + �ln

p

2
�

0
+ 2�E,

Q�k� = #�k� +
2

3k3s
− k ln

8

k3s
+

	

4
−  ; s =

eFa0

Ry�ex� .

The same set gives for the coefficient of exciton absorp-
tion �38� two alternative forms

���� =
1

r0
2 ��0 + �1�2 =

2�a0k

	�2r0
2 e−	k� sinh 	k

	k
�sin2 Q


�1 −

$0�k� −
	

1 − e−2	kcot Q

ln p
�

2

, �66�

���� =
1

r0
2 ��0 + �1�2 =

2�a0�

	�2r0
2 �̃2 sin2  

�2�− ��
4



1

�!1��� −
ln g ln p

$0�k� −
	

1 − e−2	kcot Q�
2


�1 −
ln p

$0�k� −
	

1 − e−2	kcot Q�
2

. �67�

In the limiting case of neglecting intersubband coupling
ln g=ln p=0 Eqs. �65� and �67� lead to Eq. �45� describing
the exciton electroabsorption �Eqs. �48� and �49�� and Franz-
Keldysh effect �Eq. �55�� in the single-subband approxima-

tion. In the absence of the electric field F=�̃=0 Eqs. �65�
and �66� provide the coefficient of the exciton absorption

���� =
2�a0k

	�2r0
2 e−	k� sinh 	k

	k
��1 −

ln g

!1���
�2


�1 + �1 − e−2	k

	
�2�$0�k� −

ln g ln p

!1���
�2
−1

.

�68�

In the vicinity of the resonant exciton state �Fano
resonances25� determined by the quantum numbers �n=n
+�n , n=0,1 ,2 , . . . calculated from !1��n�=0 �Eq. �47��, Eq.
�68� transforms into Eq. �48� with
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�0�n� =
2

a0r0
2�3� �!1���

��
�

ln g

ln p
;

�!1���
��

= �− �2�0
2�−1, n = 0; �0 = − �2�ln g�1�−1,

− �n
−2, n = 1,2, . . . ; �1 = − ��ln g�1�−1,



�69�

and Lorentzian profile �49�. In Eq. �69� the derivative
�!1���

��
and quantum defects �0,1 are given in the logarithmic ap-
proximation ��g�1�ln g�1��1.

The corresponding resonance width ��n� and shift �E�n�
in Eq. �49� both caused by the intersubband 0–1 coupling
become

��n� = −
4Ry�ex�

�3�!1���
��

1 − e−2	k

	
ln g ln p sin2 �n, �70�

�E�n� =
Ry�ex�

�3�!1���
��

1 − e−2	k

	
ln g ln p sin 2�n, �71�

where

cot �n = $0�k�
1 − e−2	k

	
.

Exciton absorption �48� with profile �49�, width �70�, and
shift �71� obtained above as the limiting case for F=0 from
the general equations �65�–�67� coincides completely with
that calculated in Ref. 42 in which the exciton magnetoab-
sorption in bulk material has been studied originally in the
double-Landau subband approximation.

Below we present the explicit expressions for the param-
eters relevant to the problem in the quantum wire regime
�R�aB�

�ln g�0,1 = ln
2R

a0�
+ C0,1,

C0 =
2

J1
2��01�

�
0

1

x ln xJ0
2��01x�dx = − 1,

C1 =
2

J2
2��11�

�
0

1

x ln xJ1
2��11x�dx = − 0.648,

ln g = ln p =
1

2	2J1
2��01�J2

2��11�
�

0

1

xdxJ0��01x�J1��11x�


�
0

1

ydyJ0��01y�J1��11y��
0

2	

d�


�
0

2	

d� cos�� − ��ln
1 −
2xy

x2 + y2cos�� − ���
= − 0.289,

�g2�0 =
8��01

2 − 2�
3�01

2

R2

a0
2�2 , G2 = ��11

2 − �01
2 �

a0
2

R2 ,

�01 = 2.40, �11 = 3.83,

and in the magnetic regime �R�aB�

�ln g�0 = ln
23/2aB

a0�
−

1

2
C, �ln g�1 = �ln g�0 +

1

2
,

ln g = ln p = −
1

2
,

�g2�0 =
8aB

2

a0
2�2 , G2 =

2a0
2

aB
2 .

Equations for �ln p�0 can be obtained from the corre-
sponding equations for �ln g�0 by replacing the quantum
number � by the quantum number k. Results presented above
are valid for strongly confined excitons �r0�a0� subject to
weak electric fields �s�4�1�.

V. DISCUSSION

A. Indirect exciton in the double quantum wire

In the absence of an electric field the binding energy of
the exciton Eb���=Ry�e� /�2 in the DQWR containing the
narrow interwire barrier �u0�1, u0�g , u0=2D /ae�� de-
pends on the quantum number � which in turn can be found
from Eq. �27�. It follows from Eq. �27� that with increasing
the confinement �increasing the magnetic field, decreasing
the radius of the QWR� the binding energy Eb increases.
However, the wider the barrier D is, the lesser the binding
energy Eb. The growth of the separation of the carriers D
makes the confinement effect less pronounced. The depen-
dence of the binding energy Eb��� of the ground state n=1
on the confinement and on the width of the barrier D for the
narrow barrier �D /ae�aB /ae� is given in Fig. 2. Clearly the

FIG. 2. �Color online� The dependence of the binding energy
Eb�1� scaled to the electron Rydberg constant Ry�e� of the ground
exciton state n=1 in the DQWR on the confinement aB /ae and
relative width D /ae of the insertion for the narrow barrier �D /ae

�aB /ae�. Magnetic regime: aB�R.
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confinement and separation of the quantum wires are in com-
petition. For special values of the magnetic field �or the ra-
dius of the QWR� and the width of the barrier, the effects of
the confinement and separation of the wires cancel each
other. The isoenergetic curves Eb�1� /Ry�e�=const for D /ae
�aB /ae are depicted in Fig. 3.

In the limiting case of an extremely strong confinement
�g→0� and very narrow barrier �u0→0�, the exciton energy
reads

E = Eg + E�
�l� + En = −

Ry�e�

n2 + i
�n

2
;

1

2
�n =

2Ry�e�

n3 �n,

where �n is given by Eqs. �25� and �29�.
For a finite confinement �g�0� and finite widths D �u0

�0�, the width �1 of the ground exciton state n=1 as a
function of the electric field F, and confinement �aB /ae� for
the different insertions is presented in Fig. 4. As expected the
growth of the electric field F leads to an increase in the width

� induced by the electric field ionization of the exciton state.
The stronger the confinement �the smaller the magnetic
length aB� is, the smaller the width �n becomes because of an
increase in the binding energy. The effect of the confinement
is less pronounced with respect to that of the electric field.
The reason for this is as follows: the effect of the confine-
ment is determined by the correction �n to the integer n in
the quantum number �=n+�n �Eq. �27��. In contrast to n
=0 this correction has little effect for the states n=1,2 , . . .
realized in the DQWR. The broadening of the insertion fur-
ther suppresses the effect of the confinement. For the ground
exciton state n=1 in the GaAs DQWR �Ry�e�

�5.8 meV, ae�10 nm� with the insertion of width D
=2 nm subject to an electric �F=1.75 kV /cm� and an ex-
perimentally used1,21 magnetic field �B=50 T�, we obtain
for the width �1=1.45 meV. Although the state �0�1 for
which �0��1 is not realized for the indirect excitons in the
DQWR, the available exciton states n=1,2 , . . . in the GaAs
DQWR remain stable in the presence of the electric field up
to the critical value of the order of F0�5.8 kV /cm. Figures
2–4 address the magnetic field regime aB�R. For the quan-
tum wire regime R�aB the corresponding dependencies on
the confinement can be found qualitatively and quantitatively
with an accuracy of about 10% from those given in these
figures by replacing the parameter aB /a0 by R /a0.

For an intermediate barrier �u0�1, u0�g� the effect of
the width of the interwire barrier D on the quantum number
� �Eq. �33�� becomes more pronounced and dominates that
of the confinement. When the barrier width increases, the
exciton binding energy Eb��� decreases. As above the greater
the electric field is, the wider the exciton level. The depen-
dence of the width �1 of the ground exciton state on the
electric field and on the width of the barrier is shown in Fig.
5. The weak dependence of the width �1 on the width of the
insertion is due to the fact that the narrow interwire barrier
�u0�1� has little effect on the binding energies of the exci-
ton states n�1. Further growth of the barrier width renders
the exciton binding energy Eb�����−2 �Eq. �35�� very small.

Our results obtained for indirect excitons composed of
holes positioned at the interface zh=− 1

2D can be extended to
the hole layer located at an arbitrary coordinate zh. In this

FIG. 3. �Color online� The isoenergetic contours of the binding
energies Eb�1� /Ry�e�=0.51, 0.59, and 0.69 of the ground exciton
state n=1 in the DQWR with the narrow barrier �D /ae�aB /ae�,
where D is the width of the insertion, aB is the magnetic length, and
ae is the electron Bohr radius. Magnetic regime: aB�R.

FIG. 4. �Color online� The width �1 of the ground exciton state n=1 in the DQWR as a function of the dimensionless electric field s
=eaeF /Ry�e� and confinement aB /ae for the different relative width �=D /ae=0.1,0.2 of the insertion. Magnetic regime: aB�R.
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case the quantum numbers ��zh ,F� determining the exciton
energy levels −Ry�e� /�2�zh ,F� can be obtained from those
calculated from Eqs. �21� and �26� by replacing D by 1

2D
−zh. For a broad range of semiconductors with considerably
different electron and hole masses �me�mh�, the obtained
exciton energies can be treated as the first step in the adia-
batic approximation taking into account the motion of the
holes. As a next step the energies E of the indirect exciton
E=Eg+E�

�l�+Eh can be found from equation

−
�2

2mh
��l���zh� − � Ry�e�

�2�zh,F�
+ Eh���l��zh� = 0,

with the boundary condition ��l��− 1
2D�=0. Numerical calcu-

lations are required.

B. Direct exciton in the uniform quantum wire

In the SS approximation we find that optical absorption
�45� in the vicinity of the n exciton peak position �48� pos-
sesses a Lorentzian form �49� determined by the width
��l��n� �Eq. �50�� and the shift �E�l��n� �Eq. �51�� both in-
duced by the ionization of the exciton by the electric field F.
The greater the confinement �the lesser the ratios aB /a0 and
R /a0� is, the lesser are the exciton width ��l��n� �Eq. �50��
and the shift �E�l��n� �Eq. �51��. With increasing electric
field the width ��l��n� �Eq. �50�� and shift �E�l��n� �Eq. �51��
both increase. The width ��0��0� �Eq. �50�� of the ground
exciton peak n=0 associated with the ground electron-hole
subband l=0 as a function of the confinement �R /a0�
and the electric field F is provided in Fig. 6. Since the
width of the ground exciton peak is proportional to ��0��0�
�exp�−4 /3�0

3s�, we need �0
3s%1 for a substantially nonva-

nishing ��0��0�. The confinement parameter R /a0=0.6 pro-
vides the quantum number �0=0.42, which in turn leads to a
significant width ��0��0� for the relative electric field s
�2.5. The isowidth curves ��0��0�=const are depicted in Fig.
7.

Note that the width ��l��n� �Eq. �50�� and the shift �E�l��n�
�Eq. �51�� can be calculated by the same method as that used

in Sec. III. On replacing real function �41� by complex func-
tion �22� having the asymptotics of an outgoing wave, we
arrive at the set �23�, �24�, �39�, and �40�. Solving this set by
the determinantal method we obtain the equation for the
complex quantum number �

�̃2

2
��1 − ��
��− ��

!���
+

cos 	�

��1 + ��� + i = 0, �72�

and resulting in the complex exciton energy

Ẽex
�l��n� = Eex

�l��n� + �Eex
�l��n� −

i

2
��l��n� , �73�

where the energy Eex
�l��n� is the discrete exciton energy level

at F=0 �see Eq. �49��. In this equation the width ��l��n� and
shift �Eex

�l��n� coincide, respectively, with those in Eqs. �50�
and �51� obtained from Eq. �45�.

FIG. 5. �Color online� The relative width �1 of the ground ex-
citon state n=1 in the DQWR versus the dimensionless electric
field s=eaeF /Ry�e� and insertion width D /ae.

FIG. 6. �Color online� The dependence of the width ��0��0� �50�
of the ground exciton peak n=0 of the ground l=0 subband in the
UQWR scaled to the exciton Rydberg constant Ry�ex� on the dimen-
sionless electric field s=ea0F /Ry�ex� and confinement R /a0. Quan-
tum wire regime: R�aB.

FIG. 7. The isowidth contours ��0��0� /Ry�ex�=� of the ground
exciton peak n=0 of the ground l=0 subband in the UQWR. See
Fig. 6 for units.
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The above mentioned complex energies of the exciton can
be found by calculating the poles of the scattering matrix
S� � closely related to the phase  ,38

S� � = exp�2i � =
cot  + i

cot  − i
. �74�

Equating the denominator to zero and using Eq. �44� for
cot  , we immediately arrive at Eq. �72� and to the corre-
sponding complex energy levels.

The exciton effect induces not only a quasi-Rydberg se-
ries of the maxima of absorption but for the frequencies dis-
tant from the positions of the exciton peaks, the exciton at-
traction modifies strongly the optical absorption. The ratio
��0���� /�F-K

�0� �Eq. �55�� versus the energy deviation W0�0
from the ground threshold ���0�=Eg+E�

�0��W0=0� is pre-
sented in Fig. 8. As expected the exciton effect has a maxi-
mum in the vicinity of the exciton peak positions determined
by the ground �0=0.35 and first-excited �1=1.39 quantum
numbers calculated from Eq. �47� at �=R /a0=0.3, and then
rapidly decreases reaching a minimum at intermediate fre-
quencies. As the frequency moves away from the main exci-
ton peak toward the gap �W0 /Ry�ex����0

−2, the influence of
the electron-hole attraction gradually decreases. The greater
the electric field is, the lesser the effect of the exciton on the
F-K electroabsorption. Note that for laboratory electric fields
the exciton mechanism of absorption dominates that of the
photon-assisted tunneling �F-K effect�. For the electric field
providing the condition WF=Ry�ex�, the minimum exciton ef-
fect takes place at the frequency shift �W0��Ry�ex�. In this
case the exciton absorption ��0� exceeds the F-K electroab-
sorption �F-K

�0� by a factor of 16. The same ratio is valid for
the frequency shift �W0��35Ry�ex� in the region below the
ground exciton peak �0. This factor overcomes that corre-
sponding to the bulk material28 because the binding energy
of the quasi-1D exciton Ry�ex� /�0

2 overcomes that of the ex-
citon in bulk crystal Ry�ex�. For the magnetic regime
�aB /a0=0.3� the corresponding results can be obtained from

Fig. 8 with an accuracy of about 10% by replacing R by aB.
With increasing the confinement �decreasing the parameters
R and aB� the peak positions ��0,1

−2 in Fig. 8 are displaced
toward greater values �W0� /Ry�ex�. Although the absorption
coefficients ��l���� and �F-K��� depend on the confinement
�r0

−2, its dimensionless ratio �Eq. �55�� does not depend on
the radius of the QWR and on the strong magnetic field.

At this stage it is appropriate to apply the results obtained
in Sec. IV B to the description of the continuous exciton
absorption above the threshold ���Eg+E�

�l�. Matching the
wave function ��0��v� �Eq. �61�� and the wave function
��0��v� decreasing at v→−�, and obtained from Eq. �41� by
replacing � by k, we arrive at Eq. �64� for  = 	

2 . The latter
equation being united with Eq. �62� leads to the coefficient of
the optical absorption ��l����=�0

2 /r0
2 in the form

��l���� =
2�a0

	�2r0
2Z�k�k sin2
 2Ry�ex�

3ea0Fk3 − k ln
8Ry�ex�

ea0Fk3

−
	

4
+ #�k�� ,

where k = � Ry�ex�

�� − Eg − E�
�l��1/2

. �75�

The above equation describes the F-K effect, i.e., fre-
quency oscillations modulated by the reciprocal square-root
factor, which in turn are modified by the Sommerfeld factor
relevant to the 1D exciton

Z�k� =
sinh 	k

	k
e−	k.

In the region distant from the threshold �k�1 Z�k��1�,
these oscillations are the same as those calculated
numerically2,15,16 and observed experimentally.45 Our results
are in line with those obtained for the exciton absorption in
bulk semiconductors.28,29 The equation for the wave function
� describing the exciton with an energy corresponding to the
threshold of absorption can be obtained from Eq. �58� ne-
glecting the off-diagonal term and setting k=0

����w� + p�w���w� = 0,

p�w� = w +
2�

�w�
, w = �2�eF

�2 �1/3

z, �2 =
Ry�ex�

WF
.

Method of a comparison equation36 gives for the wave
function

��w� = K����−1/2Ai�− ��, K2 =
4	�

2	�2� �2

2�eF
�1/3

,

��w� = 
3

2
��w��2/3

,

��w� = �
−�2�

w

p1/2�v�dv ,

which in turn leads to the coefficient of the optical absorp-
tion ��l���0�= ���0��2 /r0

2 at the edge ��0=Eg+E�
�l�

FIG. 8. �Color online� The ratio of the coefficients of the exciton
��0���� and Franz-Keldysh �F-K

�0� ��� electroabsorption calculated
from Eq. �55� versus the red energy shift relative to the ground zero
intersubband edge scaled to the exciton Rydberg constant Ry�ex� for
the different electric field strengths F, determined by the parameter
c=WF /Ry�ex�. Confinement parameter is taken to be R /a0=0.3.
Quantum wire regime: R�aB.
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��l���0� = �F-K��0��1 + b��, �F-K��0� =
K2

r0
234/3�2�2/3�

,

b =
31/324/3	1/2��5/6�

�4/3�3/4�
, � � 1. �76�

As above, the exciton attraction ���0� increases the F-K
optical absorption in the vicinity of the edge. The enhance-
ment of the electroabsorption at the edge induced by the
excitonic effect has been calculated numerically in Refs. 15
and 16. The obtained analytical equations describe com-
pletely the optical absorption both below the threshold close
to the exciton peaks �Eq. �49�� and between them �Eq. �55��,
as well as above the threshold at the edge �Eq. �76�� and
distant from the edge �Eq. �75��. In summary, below the
threshold the optical spectrum is formed by the quasi-
Coulomb series of the exciton peaks of finite width, on
which the tail of F-K absorption, exponentially decreasing
toward the low frequencies, is imposed. These peaks con-
dense in the vicinity of the threshold, providing the finite
absorption. Above the threshold the F-K oscillations of the
decreasing amplitude are found to occur.

With increasing the electric field F�s the exciton peaks

become wider ���l��n���̃2� and less in intensity ��max
l

��̃−2� with �̃2�exp�−4 /3n3s�. The greater the confine-
ment, i.e., the greater the magnetic field B and the lesser the
radius of the quantum wire R, the lesser is the width of the
exciton peak ��l��n� and the greater the binding energy
Eb

�l��n� of the corresponding exciton state and the intensity of
the exciton peak �max

l �r0
−2, where r0�B−1/2 ,R. In spite of

the growth of the binding energy �Eb
�l��0�� ln2 r0 /a0� the

peak position ��=Eg+E�
�l�−Eb

�l��n� is shifted to higher fre-
quencies because the blueshift induced by the transverse en-
ergies E�

�l��R−2 ,B exceeds the redshift associated with the
binding energy Eb

�l��n�. In the regions between the exciton
peaks the electroabsorption increases with increasing both
the electric field and confinement with ��l�����r0

−2. In the
region above the effective band gap Eg+E�

�l� electroabsorp-
tion manifests itself via frequency oscillations modulated by
the reciprocal root factor ����−Eg−E�

�l��−1/2. With increas-
ing electric field F the period of the frequency oscillations
�� is widened as ���F2/3. The greater the confinement the
greater is the absorption ��l�����r0

−2. At the threshold ��
=Eg+E�

�l� the coefficient of absorption ��l���� decreases with
increasing electric field according to F−1/3 and increases with
increasing confinement �r0

−2.
In the DS 0–1 approximation Eqs. �66� and �67� describe

the interplay between the electric field ionization and inter-
subband autoionization reflected in the exciton absorption.
Since the electric field ionization has been discussed above,
below we briefly focus on the effect of autoionization. In the
vicinity of the resonances the absorption has Lorentz-
ian forms �48�, �49�, and �69�. In the logarithmic ap-
proximation �g ln g��1, �p ln p��1, k�G−1 , sin �0�1,
cos �0�G−1 , $0�k��const for the ground exciton state
n=0, Eqs. �70� and �71� provide for the resonant width ��0�
and shift �E�0�, respectively,

��0� � 25/2aB

a0
�ln

aB

a0
�Ryex; �E�0� = −

�E + 2 ln 2

23/2
aB

a0
��0� ,

for the magnetic regime aB�R�a0, and

��0� �
32ln g2

��11
2 − �01

2

R

a0
�ln

R

a0
�Ryex;

�E�0� = −

�E +
1

2
ln��11

2 − �01
2 �

��11
2 − �01

2

R

a0
��0� ,

for the quantum wire regime R�aB�a0.
It is clear that the confinement destroys the intersubband

coupling that in turn leads to the fact that the resonance
width and shift decrease. Neglecting the coupling �aB /a0
→0, R /a0→0� we obtain from Eqs. �48� and �49� the �
function-type peaks ��l��� ,n�=�0�n�����−Eex

�l��n��, corre-
sponding to optical transitions to the strictly discrete exciton
peaks. Note that our results obtained for the intersubband
couplings �48�, �49�, and �69�–�71� correlate completely with
those derived from Fano theory,25 which takes into account
the interference of degenerate discrete and continuum states.
Following this theory the density of the exciton states in the
vicinity of the maxima possesses a Lorentzian profile �the
same as that given by Eq. �49�� in which the resonant width
��n� and shift �E�n� depend on the matrix element of the
off-diagonal potential V0

1�z� calculated with respect to the
functions of the degenerate discrete and continuum states.
Taking Eq. �17� at B=0 and Eq. �61� at "=0 for the discrete
��u� and continuous ��v� states, respectively, we immedi-
ately calculate the width ��n�=2	����u��V0

1�z���0�v���2 coin-
ciding with Eq. �70�.

On replacing real function �61� by the complex function
��0��v��Wis,1/2�−iv� possessing the asymptotics of an the
outgoing wave and matching this function with that obtained
by the double integration of Eq. �58�, we find the equation
for the complex quantum number �

��1 − ik� +
1

2ik
+ 2�E − i

	

2
+ �ln

p

2
�

0
−

ln g ln p

!1���
= 0.

The corresponding exciton complex energy acquires form
�73� in which the width ��l��n� and shift �E�l��n� coincide,
respectively, with those in Eqs. �70� and �71� obtained from
Eq. �68�. The same energy can be found by calculating the
poles of the scattering matrix S�Q� �Eq. �74�� taking cot Q

from Eq. �65� for �̃=0. The identity of the final equations
for the resonant energy shift and width associated with the
electric field ionization and autoionization obtained by the
different techniques in frame of the Fano theory,25 the scat-
tering matrix method,38 and the present approach has been
discussed and justified in Refs. 43 and 44.

The combined effect of the electric field F and the inter-
subband coupling on the width of the ground exciton state
n=0 is shown in Fig. 9 for the magnetic regime �aB�R�.
Since the width ��0� exceeds the sum &�0� of the widths
associated with the independent phenomena, the interplay of
the autoionization and electric field-ionization processes is
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found to occur. As expected both widths ��0� and &�0� and
its difference increase with increasing the electric field and
decreasing the confinement �decreasing the magnetic field�.
The effect of the electric field is governed by exponential
factor �25� while that of the confinement by the logarithmic
term in Eq. �46�. As a result the dependence of the electric
field is more pronounced compared to that on confinement.
Note that for the chosen range of the parameters the com-
bined width ��0� remains less than the exciton binding en-
ergy Eb=Ry�ex� /�0

2. In the worst case aB /a0=0.4��0
2

=0.30� , s=5 we obtain ��0� /Eb=0.42. The results pre-
sented in Fig. 9 can be extended to the quantum wire regime
�aB→R� with an accuracy of about 10%. Thus not only the
strictly discrete exciton states but the exciton Fano reso-
nances subject to the electric fields can be investigated in
experiments.

Our results correlate completely with those obtained nu-
merically. The growth of the exciton binding energy Eb
=Ry�ex� /�2 calculated from Eqs. �46� and �47� for the quan-
tum number � with increasing confinement is found to occur.
This is in agreement with the data obtained by the variational
method,17–20,46,47 using the model 1D quasi-Coulomb
potential48 and the semiconductor Bloch equation.31 For the
relative QWR radius R /a0=0.3 the scaled binding energy is
about equal to Eb /Ry�ex��5.6–6.0,2,17,46–48 while for R /a0
=0.2 the result Eb /Ry�ex��8.0 can be extracted from Refs.
17, 46, and 48. The latter could be treated as close to the
ratio Eb /Ry�ex��10.4 found for R /a0=0.2 from Eqs. �46�
and �47� having the accuracy of the order O�g� �g
�R /a0 ,aB /a0�, i.e., 20% in this case. In order to avoid the
cumbersome mathematics and to make the obtained analyti-
cal results transparent, we limit ourselves to the terms of the
order of �u and exponential terms �exp�� 2

3 ���3/2� in expan-
sions of the Whittaker functions W�,1/2�u� and M�,1/2�u�, and
the Airy functions Ai��� and Bi��� in Eqs. �17� and �22�,

respectively. Only terms �ln g are kept in the solution to Eq.
�15�, obtained by the iteration procedure. Taking into account
terms of higher orders with respect to the expansions of the
listed functions,37 the precision of the presented analytical
calculations can be essentially increased.

It follows from Eq. �50� that the width of the exciton peak
��l��n� increases with increasing electric field strength and
decreasing confinement. The growth of the width of the ex-
citon maximum with the growth of the electric field and with
the reduction in the magnetic field has been demonstrated
clearly.31 The width of the exciton peak ��0��0�=7.2 meV
�Eq. �50�� and that given in Ref. 2 ��0��0��6.5 meV for a
GaAs QWR �Ry�ex�=4.2 meV, a0=14 nm� of radius 4.2
nm �Eb=23.6 meV, �0=0.42� exposed to an electric field
F=15 kV /cm �s=5� do agree quite well. The T-shaped
form of the QWR considered in Ref. 31 prevents us a direct
comparison of our result to those of Ref. 31.

As mentioned above the presented analytical results have
been obtained for narrow QWRs �R /a0�1� and/or in the
presence of strong magnetic �aB /a0�1� and weak electric
�s�4�1� fields. We assumed that the electron and hole in the
indirect exciton were separated by a narrow insertion
�D /a0�1�, and its motion of the carriers is bound by impen-
etrable barriers of heights Vj , j=e ,h. The latter implies that
the size-quantized level E�lj

�Eq. �10�� is positioned far away
from the top of the barrier Vj, i.e., �R�R0j�, where R0j
= ��2�2 /2mjVj�1/2 , �=2.40. In spite of the number of ap-
proximations made, most of them correspond to those em-
ployed in recent theoretical and experimental studies. The
cylindrical InGaAs/InP QWRs �a0=16 nm� of radius R
=2.5,3.6,4.5 nm �R /a0=0.16,0.22,0.28� and GaAs/
AlGaAs QWR �a0=14 nm� of radius R=4.2 nm �R /a0
=0.30� were under investigation in Refs. 2 and 4, respec-
tively. Madureira et al.31 considered the T-shaped GaAs
QWR with the arm and step quantum wells of width R
=5.6 nm �R /a0=0.40� and R=5.1 nm �R /a0=0.36�, respec-
tively. Maes et al.21 studied the rectangular InAs/InP QWR
�a0=35 nm� of width R=18 nm �R /a0=0.51� and height
R=2 nm �R /a0=0.057�. Magnetic fields up to the values B
=50 T �aB /a0=0.10� were applied to the excitons in the
InAs QWRs.1,3,21 The effect of the electric fields up to the
maximum strength F=15 kV /cm �s=5� and F=6 kV /cm
�s=2� on the exciton states in the GaAs QWRs have been
studied in Refs. 2 and 31. The quantum number �0
= �Ry�ex� /Eb�1/2 for the ground state was estimated from the
binding energies Eb=23.6 meV �Ref. 2� and Eb=9.0 meV,31

and the exciton Rydberg constant Ry�ex�=4.2 meV to give
the results �0=0.42 and �0=0.68, respectively. Thus we have
for the parameter s�0

4 the maximal values 0.16 and 0.42 for
the excitons referred to Refs. 2 and 31, respectively. The
critical electric field F0, providing the complete ionization of
the ground exciton state, estimated from the condition s�0

3

�1, is found to be F0
�bulk��3 kV /cm for the bulk GaAs

material ��0=1� and F0
�qwr��40.5 kV /cm for the GaAs

QWR ��0=0.42� investigated in Ref. 2. The InP insertions of
width �D=4 and 7 nm� in the InGaAs �a0=16 nm�D /a0
=0.25�� �Ref. 4� and InAs �a0=35 nm �D /a0=0.20�� �Ref.
9� QWRs have been incorporated, respectively.

FIG. 9. �Color online� The dependence of the relative width
��0� /Ry�ex� of the ground exciton resonance state n=0 caused by
both the autoionization and the electric field ionization on the di-
mensionless electric field s=ea0F /Ry�ex� and confinement param-
eter aB /a0 �Ry�ex� is the exciton Rydberg constant�. The width ��0�
is calculated from Eqs. �66� and �67�. The width &�0�=�g�0�
+�F�0� is the sum of the widths induced by the autoionization
��g�0�� and electric field ��F�0�� ionization calculated from Eqs.
�68� and �45� for l=1, respectively. Magnetic regime: aB�R.
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Above we have avoided to deal with QWRs possessing an
extremely small radius. We note that narrowing the QWR
providing the lateral confinement �R�a0� is in conflict with
the infinite barrier approximation R�R0j. In order to satisfy
both of these conditions, extended exciton states in the
QWRs with considerable band offsets should be taken. Thus,
the GaAs /Al0.3Ga0.7As QWR of radius R=4.2 nm for which
a0=14 nm, me=0.067m0 , Ve=225 meV,49 and �R0e /R�2

�0.72, is not the best candidate to be described by the infi-
nite barrier approximation while the InAs/InP QWR of ra-
dius R=8.0 nm having the parameters a0=35 nm, me
=0.023m0, and Ve=657 meV �Ref. 50� is more suitable for
this approximation because of the ratio �R0e /R�2�0.20. For
the QWRs of smaller radius the penetration of the electron
and hole states into the barrier material should be taken into
account.21

In the case of anisotropic energy bands3 with the effective
masses m�,�j �j=e ,h� corresponding to the motion parallel
and perpendicular to the QWR z axis, respectively, the exci-
ton states depend on the ratio m�j /m� j that in principle re-
quires a numerical study. However, in a narrow QWR �R
�a0� the transverse size-quantized states are determined by
the effective mass m�j while the longitudinal motion is gov-
erned by the Coulomb potential and the effective mass m� j.
This allows obtaining of the final results for the exciton bind-
ing energy, the exciton peak position, and the resonance
shifts and widths by replacing in Eqs. �10� and �13� mj by
m�j and further Ry�e� by Ry�e� m�e

me
, ae by ae

me

m�e
, Ry�ex� by

Ry�ex� ��

� , and a0 by a0
�
��

where ��,�
−1 =��,�e

−1 +��,�,h
−1 .

Along with the barriers of finite height the image charges
caused by the difference between the dielectric constants of
the wire 
w and barrier 
b materials influence the exciton
states. The effect of the dielectric-constant mismatch has
been studied by Bányai et al.48 using the model 1D quasi-
Coulomb potential. For the ratio 
w /
b=1.3 the contribution
of the dielectric-constant mismatch to the relative exciton
binding energy Eb /Ry�ex� at R /a0=0.5 is about 17%. This
value is comparable to the correction of the order of 12.5%
caused by the finite barrier bound the GaAs /Al0.3Ga0.7As
QWR of the same radius.17

For the QWRs of intermediate thickness or those subject
to moderate magnetic fields for which the radius of the QWR
and/or the magnetic length are comparable to the exciton
Bohr radius, the single- and double-subband approximation
become less appropriate. In this case the spectrum of the
exciton absorption can be obtained via the multisubband ap-
proximation. Only at the final stage of the determinantal pro-
cedure some numerical calculations are necessary. We expect
that in the multisubband approximation series �3� and �36�
are rapidly convergent similar to those describing the dia-
magnetic resonant states.51 It was found that the multisub-
band approximation51 does not lead to significant qualitative
changes relative to the double-subband model employed here

In order to estimate the values to be expected in an ex-
periment, we take for the GaAs QWR the parameters for the
electron �exciton� Rydberg constant Ry�e�=5.8 meV �Ry�ex�

=4.2 meV� and for the electron �exciton� Bohr radius ae
=9.8 nm �a0=14 nm�. In the presence of a magnetic field
B=32 T the narrow insertion of width D=2.0 nm reduces

the binding energy Eb�1� of the ground state of the indirect
exciton up to the value Eb�1�=2.2 meV. The same magnetic
and electric fields F=1.6 kV /cm applied to the DQWR with
the same insertion render the ground state of the indirect
exciton sufficiently stable with the width �1=1.4 meV and
lifetime '1=� /�1=0.45 ps. The width of the indirect exciton
state �1 in the DQWR of radius R%3 nm containing the
insertion of the intermediate width D=3.9 nm and subject to
the same electric field F is equal to about �1=2.2 meV. For
the direct excitons in the QWR of radius R=5.6 nm the
width of the ground state associated with the ground subband
��0��0� caused by electric field F=12 kV /cm ionization is of
the order of ��0��0�=1.0 meV. The period of the first Franz-
Keldysh oscillations is ����16 meV, which is very close
to the period, calculated by Hughes and Citrin.16 For the
effective band gap we have ���0�=Eg+E�

�0��1.65 eV. The
chosen electric fields on the one hand allow the excitons to
be confined and sufficiently stable within the QWRs, and on
the other hand provide a substantially nonvanishing width of
the energy levels, which can be measured experimentally. We
believe that the presented analytical approach being together
with the numerical results provides a further development of
our understanding of magnetoexcitons in biased QWRs.

VI. CONCLUSION

In summary, we have developed an analytical approach to
the problem of the exciton in a thin uniform and double
QWRs exposed to the electric and strong magnetic fields that
are both directed parallel to the QWR axis. The radius of the
QWR and the underlying magnetic length are taken to be
much less than the exciton Bohr radius providing a strong
confinement and quasi-1D character of the exciton states.
The dependencies of the complex energy levels of the indi-
rect excitons in the double QWR on the QWR radius, and
magnetic and electric field strengths and width of the inser-
tion embedded in the double QWR were derived. The exci-
ton binding energy increases with increasing confinement
and decreasing width of the interwire insertion. The stronger
the electric field is, the larger becomes the width of the ex-
citon level. The broadening decreases with increasing exci-
ton binding energy. The coefficient of the exciton absorption
in the uniform QWRs as a function of the confinement pa-
rameters �R ,aB� and electric field strength has been calcu-
lated explicitly. The effect of the electric field on the width of
the exciton peaks is qualitatively the same as that on the
width of the quasidiscrete exciton levels in the double QWR.
In the spectral region away from the positions of the exciton
peak, the exciton effect considerably increases the F-K elec-
troabsorption associated with the photon-assisted interband
tunneling. The coefficient of absorption taking into account
the exciton ionization through the two channels, namely, the
electric field ionization and autoionization caused by the in-
tersubband coupling, is analytically derived within the two-
subband approximation. The approximations employed in
this work correspond to the parameters of the QWRs and
external fields chosen for the experimental and theoretical
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studies. Our analytical results correlate well with those cal-
culated numerically. Estimates of the expected experimental
values made for the parameters of a GaAs/AlGaAs QWR
show that the effects of the exciton confinement, induced by
the barrier material and magnetic field, as well as electric
field ionization and autoionization, can be observed experi-
mentally.
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